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Abstract— Dense Wavelength Division Multiplexing (DWDM),
dedicated optical paths, high speed switches, and high speed
routers are giving rise to networks with plentiful bandwidth
in the core. In such networks, bottlenecks and congestion are
concentrated move at the edge and at end nodes. We consider
how to efficiently and fairly share source and sink capacities in
such network environments.

As a foundation, we first describe a global algorithm which
calculates max-min fair rate allocation for network sessions with
known desired peak rates. We then present a novel distributed
rate allocation algorithm which controls each source and sink
independently with local information, adaptively allocating its
capacity to candidate sessions. This algorithm is given no knowl-
edge of the desired session rates, but rather discovers them. This
allows it to be used in general network settings. We prove that
our distributed algorithm converges rapidly to the max-min fair
rate allocation in a discrete time system. Simulations confirm
this behavior, and further show that convergence is in practice
fast in networks of 64 to 1024 nodes. Simulations also prove that
the stability and convergence results still hold in asynchronous
distributed settings with a range of network delays.

I. INTRODUCTION

Continuing advances in optical transmission are driving
rapid increases in feasible network bandwidths at densities of
over a terabit per optical fiber for both metro and long haul net-
works. A key driver is dense wavelength division multiplexing
(DWDM) which allows each optical fiber to carry hundreds
of lambdas (i.e. wavelengths) of 10 or 40 Gbps. These capa-
bilities are being used to build high-speed traditional shared,
routed internet networks, private dark fiber networks [39], [23],
and based on new technologies for dynamic configuration,
dynamic private lambda networks. Examples of these dynamic
private networks include LambdaGrid [18] , OptIPuter [45],
CANARIE [3], Netherlight [8], NAREGI [7], etc.).

Our research focuses in particular on networks where sets
of high-speed private optical paths are constructed dynami-
cally, forming a high-performance private network. In such
networks, the network bandwidth in the core of lambdas is
high, matching or exceeding the speeds at which endpoints can
source or sink network traffic. In short, the network of lambdas
provides high bandwidth, very low loss packet communication.
We call these high speed, private networks “lambda networks.”

However, lambda-networks differ from traditional shared
IP networks in several key ways. First, shared IP networks
were designed to manage internal resource bottlenecks (links,

routers or switches), and include mechanisms for efficient
link multiplexing and management of network congestion. In
contrast, lambda-networks have abundant network bandwidth
and switching, and thus have little network congestion and
little packet loss. However, congestion does arise at end nodes
due to their limited capacity, and give rise to packet loss there.
Second, because of application trends in WWW technologies
and other large-scale data sharing, there is increasing use of
multipoint-to-point traffic patterns (as evidenced in the world-
wide web, P2P networks [6], [2], and large-scale scientific data
sharing [4], [5], [1]). High-speed core networks enable many
fast flows to converge on an endpoint, raising challenges in
efficient and fair sharing of source and sink capacity.

As a result, we study how end nodes should manage their
capacity across multiple sessions in networks with plentiful
bandwidth. In any distributed networks, end nodes must allo-
cate their capacity based on incomplete information: local ses-
sion status and approximations of desired rates. This problem
differs in three important ways from that addressed by TCP
and its variants [31], [21], [22], [49]. First, TCP and variants
all manage single flows, providing rate and congestion control.
They do not consider interactions amongst flows. Second, TCP
and variants generally assume shared networks with internal
congestion, so they focus on managing congestive packet loss
within the network, not at the endpoints. Third, when TCP
flows share a link with different round-trip delays (RTT), the
delivered bandwidth is inversely proportional to RTT, so the
sharing is unfair, and this is not considered a major problem.
In contrast, achieving fair allocation with varied RTT’s is our
primary goal.

Our distributed rate allocation problem is distinct from that
explored in ATM networks [27], [14] and IP networks [35],
which focus primarily on allocating router and switch capacity
within the network. We solve the inverse problem. With plen-
tiful bandwidth in the core, we focus on resource allocation
for edge nodes.

Our work on distributed rate allocation is motivated by and
provides an algorithmic basis for an increasing number of new
protocols [11], [38], [48]. The analytical and dynamic behavior
modeling presented in this paper complement the wealth of
empirical work on these protocols. For example, consider
the Group Transport Protocol (GTP) [48] which receiver-
based rate control and coordinates amongst active sessions to
achieve high performance in lambda networks. Our previous



work involved a range of empirical studies, but the distributed
rate allocation framework described in this paper significantly
advances our previous GTP work, extending management and
control to source and sinks and providing strong properties of
efficiency, fairness, and convergence.

The critical objectives for distributed rate allocation in
networks are:

« Efficiency: Maximize utilization of source and sink ca-
pacity;

o Fairness: Allocate a fair share of source and sink capacity
to each session (eventually);

« Stability & Convergence: Converge to a unique, optimal,
and fair rate allocation from any initial state.

We describe a discrete-time distributed rate allocation algo-
rithm. The distributed algorithm uses local information only
to allocate capacity at each source and sink, assigning an
expected rate to each session. So for each session, its actual
rate is determined by the minimum of the expected rate at its
source and sink, and its desired rate (which is not generally
known to the network). Our distributed algorithm converges
rapidly to a max-min fair rate allocation [12] [34], [27], [42],
and also adapts quickly when desired rates change.

Specific contributions are as follows:

1) a mathematical model of lambda-networks, and a for-
mulation of the bandwidth sharing problem in lambda-
networks,

2) a global rate allocation algorithm which calculates the
optimum rate allocation given the constraints of a set of
finite desired session rates. We prove that the algorithm
converges to the unique max-min fair rate allocation,

3) a distributed rate allocation algorithm which allocates
source and sink bandwidth. We prove that the distributed
algorithm converges to the unique max-min fair rate
allocation,

4) an evaluation of the distributed rate allocation algorithm
which shows that it achieves efficient and fair alloca-
tions. And further that it converges rapidly for a range
of network configurations,

5) an evaluation of the distributed rate allocation algorithm
in an asynchronous, distributed network (varying size,
latency, and synchrony). Our simulation results demon-
strate the strong convergence and stability properties also
hold in these more practical circumstances.

This paper describes work that is part of the OptlIPuter
project [45], [46], [47], [48], which explores the use of
configurable optical networks to provide high bandwidth and
tighter coupling amongst computational and storage resource.

The rest of the paper is organized as follows. In Section
II, we introduce the model of the lambda-networks, and
formulate the bandwidth sharing and rate adaptation problem
in the lambda-networks. In Section III, we present a global
algorithm which calculates the max-min fair rate allocation
in the lambda-networks. We prove that such max-min fair
allocation is unique. In Section IV, we propose a distributed
algorithm with capacity allocation and rate adaptation at each
source and sink. We prove the stability and convergence
properties of the proposed algorithm. In Section V and VI,

we conduct numerical case studies to illustrate the convergence
properties of the distributed algorithm in both synchronous and
asynchronous distributed settings. Related works are briefly
described in Section VII, and we conclude in Section VIII.

II. PROBLEM FORMULATION

A. Modeling Lambda-Networks

In the lambda-networks, high-speed private optical paths can
be constructed on-demand to provide plentiful dedicated end-
to-end bandwidth. Such networks differ from the traditional
shared Internet in that there is essentially no packet loss due
to congestion within the network, and any contention and
congestion loss happens at end nodes (sources and sinks).

We make the following assumptions when modeling
lambda-networks.

1) With plenty of network bandwidth is provided by pri-
vate, dynamically configured lambdas, there is no traffic
congestion within the network. Because the capacity of
lambda-network is higher than the desired rate of each
session, no modeling of network internals is required.
The rate control and allocation problem is reduced to
the problem of how to efficiently and fairly share the
source and sink capacities amongst the traffic sessions.

2) Each each source and sink node has explicit knowl-
edge regarding its capacity, usually its network interface
speed, local packet processing capacity or a shared link
nearby. With capacity information, each node knows
how much capacity it has to allocate across its sessions.

3) each session has its own desired rate — the peak rate it
can reach. The desired rate can be also interpreted as
the maximum data handling speed of the applications
using the network. The desired rate of each session is
unknown to its source and sink, and can vary over time.

B. Notation

Our notation for modeling lambda-networks follows.

Consider a lambda-Network G with a finite set V of nodes
and a set K of K active sessions. Let V¥ and V# denote the
set of source and sink nodes, respectively. Note that multiple
sessions may start or terminate at the same source or sink
node.

Consider a discrete-time model, where time is divided into
slots of equal length. Let each session & € K be associated
with a desired (peak) rate M. Let x(t) be the instant rate of
session k in time slot ¢. Let x(t) = (z1(t), z2(t), ..., 2k (¢))
be the rate vector of all active sessions in time slot ¢.

Let each source and sink v € V have a capacity C". It
is either the sending or receiving capacity of node v, when
v € VS or v € VI, respectively. Let KV denote the set of
sessions that node v participates in. Note that in our model
each node v is either a sink or a source node, but not both.

Therefore G(V,C, K, M) characterizes an instance of the
bandwidth sharing problem in the lambda-networks.



C. Rate Allocation Problem

The challenge of bandwidth sharing and rate allocation in
a lambda network is how to efficiently and fairly share the
capacity of each source and sink among active sessions. Of
course, the allocation algorithm should also be stable.

We describe the main bandwidth sharing objectives as
follows.

First, the rate allocation (bandwidth sharing) algorithm
should efficiently utilize of the capacity of each source and
sink while maintaining feasibility. Feasibility, simply put,
requires that aggregate rate of the sessions for each source
and sink does not exceed its capacity, and each session’s rate
does not exceed its desired rate. Formally, feasibility can be
defined as follows.

Definition 1: Feasibility. A rate vector x is feasible, when
for each node v € V,

> ap<c,

ke
and for each session k € K we have that z; < M.

Second, the a rate allocation algorithm should treat all active
sessions fairly. We adopt Max-min Fairness [12] as the criteria,
as it is widely-used in wired and wireless networks [34], [42],
[41]. Max-min fairness maximizes the rates of the sessions
with lower rates, and shares the remaining bandwidth until
the network is fully utilizes. Formally, max-min fairness is
defined as follows.

Definition 2: Max-min Fairness. A feasible rate vector x
is max-min fair if it is not possible to increase the rate of a
session x, while maintaining feasibility, without reducing the
rate of some session z, (p # ¢q) with z, < z,. ie. for any
other feasible vector y,

Fpe)yp >z, = (Fqg €Ky, < zy <xp.

Third, the distributed rate allocation algorithm should con-
verge rapidly, reaching a unique rate allocation which is max-
min fair. Consider under a discrete-time system, in time slot
t, the rate vector x(t) is updated as

x(t+1) = f(x(1)),

where f(-) is the update function. The function f(-) may
depend on session desired rates, the status of each source
and sink, etc. For good network behavior, the rate allocation
algorithm should be stable and converge.

Definition 3: Stability and Convergence. An algorithm is
stable if there is a unique equilibrium rate vector x* =
(7,25, x5 ), St

x" = f(x*).

An algorithm converges, if when all K sessions are long-
lived, the rate vector (x1, za,..., £k ) over time approaches and
achieves the unique equilibrium rate allocation x*, regardless
of its initial state, session starting sequence, or other temporal
details.

The definition of stability is straightforward. The definition
of convergence not only encompasses arbitrary initial state, but
also changes in session desired rates during the convergence
process. In the following section, we study several global and
distributed bandwidth allocation algorithms.

III. GLOBAL ALGORITHM

A global algorithm is presented to calculate the max-min
fair allocation. We show that the result rate vector is the unique
max-min fair allocation for the bandwidth sharing problem we
defined in the previous section.

A. Global Algorithm

With global knowledge, max-min fair rates can be calculated
in straightforward fashion [12]. At each step the algorithm
assigns equal rate shares to sessions at the current bottleneck
node. The bottleneck node is the one with with the minimum
average rate after its remaining capacity is assigned to the
remaining sessions (also known as undetermined sessions).
Formally,

Definition 4: Bottleneck Node. Given a partially deter-
mined rate vector X, node v € V is called the bottleneck node,
if we have undetermined sessions k € {j|z; =0,j € K}, and
remaining available capacity at node v divided by the number
of undetermined sessions, xy (also known as the bottleneck
rate), satisfies

C” = Yieko @i
{ilz; = 0,5 € K}

" ~ Sk
{jlz; = 0,5 € K}
(1

Tp= = min, cy
where node v’ € V such that |{i|z; = 0,i € K"}| > 0.

Our algorithm extends the classic max-min algorithm [12]
by considering the session’s desired rate.

Sessions whose desired rate has already been satisfied are
considered determined, and should thereby be excluded from
the undetermined sessions.

The global algorithm is formalized as follows.

Algorithm 1: Global Algorithm

Notations:

x*: The result rate vector, and x* = (27, ..., 7).

b(v): Computes the average rate of undetermined sessions
at node v € V, denoted by

e Y
[l =0, € K7}

b(v) 2

If there are no undetermined sessions at node v € V, set

b(v) = 4o0.
1. set x* = 0;
2. repeat
3 if min,epb(v) < minger, 2z =0 My

4 v = arg min, ¢y b(v');
5 V ke KV, if 2} =0 then let z} = b(v);
6 else
7 k= arg mink/e;g,z;/zoMk/;
8 IE;; = Mk;
9 endif
10 until |{j|z} = 0,7 € L} =0.
Note that there may be multiple bottleneck nodes with the
same remaining capacity for any given iteration. In that case,
we pick an arbitrary node.



B. Properties of Global Algorithm

We show that the global algorithm does in fact compute the
max-min fair rate allocation.

We show in Proposition 1 that the rate vector x* calculated
by Algorithm 1 is the unique max-min fair rate allocation.

Proposition 1: 1. Algorithm 1 (Global Algorithm) termi-
nates within K iterations.

2. The rate allocation x* computed by Algorithm 1 is max-
min fair and unique.

The proofs of the Proposition 1 are straightforward and
included in Appendix A.

While the global algorithm is simple and has numerous
desirable properties, it has a number of important limitations
which we relax in subsequent sections. First, the global
algorithm requires global information for the entire network to
set the allocation for each node and session. Second, the global
algorithm requires desired session rates, which is typically
difficult to extract from applications. We consider a distributed
algorithm which overcomes these limitations in the following
section.

IV. DISTRIBUTED ALGORITHM

We present a distributed algorithm which overcomes the
major limitations of the global algorithm. The distributed al-
gorithm requires only local node and actual session behavior to
produce max-min fair rate allocation for arbitrary workloads.

A. Distributed Rate Allocation and Adaptation

Consider a discrete-time view where at time ¢ each node
v € V knows the current sending rate x(t) of each session
k € KU, but no knowledge about its desired rate My. As a
result, a source and sink cannot tell whether a session with
small rate in time slot ¢ is constrained by the session’s desired
rate or the capacity of the peer node (complementary source or
sink). This means that a static rate allocation scheme (without
rate adaptation) has no means to determine or adapt to changes
in the desired session rate.

To meet these needs, we formulate the rate allocation
problem as a feedback-based rate adaptation problem with
coordinated rate allocation at each source and sink node.
Specifically, in each time slot, all source and sink nodes
operate autonomously. In time slot ¢ each sink node allocates
its capacity and sets expected rates 7, for each of its sessions,
using the status of all sessions terminating at the same sink:

&7 (t 4 1) = g(x(t)).

The expected rate for each session k, &7,(t + 1) at the sink
is then fed back to the source. With this information, each
source node allocates its capacity to each session in similar
fashion. Each source calculates the expected rate £j, for each
of its sessions k € KV:

X*(t+ 1) = h(x(t)).

As the network operates, the actual rate of session k& € K in
time slot t 41 is then determined by the minimum of expected

source rate #°(t + 1), expected sink rate Z"(¢ + 1), and the
session desired rate M}, formally

ar(t+1) =min{@(t+1),2"(t+ 1), Mx}.  3)

B. Source and Sink Algorithms

The idea in the distributed algorithm is to adapt each
session’s current rate towards the max-min fair rate for the
session. More specifically, at each step, each node picks
the session with the minimum rate among its undetermined
sessions and assigns expected rates based on current expected
rate and the target rate. Intuitively, the target rate approximate
the max-min fair allocation of the remaining capacity over the
undetermined sessions.

Because expected session rates are calculated one at a time,
target rates may vary across even similar sessions. If the
current session rate is less than the target rate xf, we adapt it
toward the target rate, as

TRt +1) = 2p(t) + a(ry — 2k (1)),

where « € (0,1) is the adaptation step size (0 < a < 1),
and xy is the current remaining capacity over the number of
undetermined sessions:

- cv - Zielcv,i,;(t+1)7£0 z;(t),
= 9104 ; :
{il2;(t+1) = 0,5 € K}

We update x; each iteration to reflect the changes in
remaining capacity. When the minimum session rate of all
undetermined sessions is greater than the target rate xy, we
distribute the remaining bandwidth evenly to the sessions,
assigning each of them the farget rate, as

4)

T(t+1) = xy, if xp(t) < Ty.

In general, we try to maximize the session rates for sessions
with lower desired rates by considering them earlier. Sessions
with minimum rates are considered first, and their rates
continue to increase as long as their rate is still minimum.
It only stops increasing when it is restricted by its peer node
or desired rate, or reaches the target rate. In the last case,
the target rate is actually C/|K"|, a fair share of bandwidth
when no sessions are limited by their desired rates or the peer
nodes.

More formal descriptions of the sink and source node
algorithms is as follows.

Algorithm 2: (Sink Algorithm)

Input: x(t), K, VE. Output: X" (t + 1).
1. foreach v, v € VE,

2. Let #3(t+1) =0, Vk € CV.

3. repeat
4 . S R REKY 37 (t41)£0 @ (t)
- T = k2T F+1)=0,k€L}]
5. k=argmin; x;(t), for all j € K¥ and 2% (t+1) # 0;
6. if :L'k(t) <xf
7. Az = a x (x5 — zi(t));
8. Az = min( Az, a-xy );
9. Az =max( Az, 8- X x5 );



10. Rt +1) = z(t) + Az

11.  endif

12, until|{j|2(t +1) = 0,5 € K'}| = 0 or z1(t) >
13. for all k € KV

14. ifz(t+1)=0

15. Lt +1) =y

16.  endif

17. endfor

The sink algorithm includes upper and lower bounds on the
adaptation steps («, 3 between 0 and 1). An upper bound
ensures that expected rate does not change too quickly, and
limits overshoot. A lower bound supports faster convergence
when current rates are close to the target rate.

Algorithm 3: Source Algorithm The source algorithm cal-
culates source expected rates in fashion similar to the sink
algorithm. We use a different notation £} is used to denote
the expected rate at the source.

Therefore the actual sending rate of a session k& € K in time
slot 41 is the minimum among session k’s desired rate, sink
expected rate, and source expected rate, defined as

zp(t+1) = min{@;(t + 1), 2, (¢ + 1), My }. %)

Intuitively, for flows with low session rates we have x; >
T, meaning that the rarget rate is higher than the current
session, giving & > xj. As a result, sessions with low rates
have room to increase if so desired by the application. If a
session’s M}, increases beyond the target rate, and there is
available capacity, it will be allocated more rate.

C. Stability and Convergence

We study the stability and convergence properties of the dis-
tributed rate allocation algorithm. In particular, we show that
(a) the distributed algorithm has the max-min fair allocation
x* in the global algorithm as an equilibrium point and (b)
the distributed algorithm causes the session rates to converge,
regardless of their initial states. Formally,

Proposition 2: Stability. The max-min fair rate vector z*
calculated by the global algorithm is an equilibrium point for
the distributed algorithm, i.e. if in time slot ¢,

x(t) = x*,

then we have that
x(t+1) =x*.

The proof for Proposition 2 is included in Appendix B.
Proposition 2 essentially says that the set of equilibrium rates
for the distributed algorithm are the same as those calculated
by the global algorithm. Next, in Proposition 3, we show that
under the distributed rate allocation algorithm the network
converges to this equilibrium rate allocation.

Proposition 3: (Convergence) For any initial rate vector
x(0) (at time t = 0), under the distributed rate allocation
algorithm the rate vector x converges to the final rate vector
x* computed by the global algorithm in a finite number of
steps, i.e. there exists time ¢y > 0 and for any time slot £ > %,
we have that

x(t) = x*.

We provide a proof of Proposition 3 in Appendix C. The key
insight is that the leximin ordering (as defined in Appendix
A) of the rates can be proven to move toward the equilibrium
rate vector.

Combining Proposition 2 and 3 shows directly that the rate
vector x* is the unique equilibrium point for the distributed
algorithm. And, this rate vector is the max-min rate allocation
computed by the global algorithm.

Corollary 1: (Capacity Utilization) Except for the initial
state ( ¢ = 0), the maximum aggregate rate at any node v € V
in time slot ¢ > 1 is limited by (1 4+ «)C", i.e.

Z zp(t) < (14+)C?.

keKv

Proof: This can be directly got from the following two
facts:

(a) For sessions with lower rates than the fair rate, the rate
increase is no more than o - C¥/|K|.

(b) For sessions with higher rates than the fair rate, they
will be assigned with fair rate, with leads to the aggregate
rate when not counting the increment in (a) equal to the node
capacity C".

|

In summary, we have shown that there exists a single max-
min rate allocation for a network, and that rate allocation is
computed by both the global algorithm and the distributed
rate allocation algorithm. Thus, the distributed rate allocation
algorithm is fair. Further, we have shown that the distributed
rate allocation algorithm converges within a finite number of
steps, so the distributed rate allocation mechanism is stable.

D. Extension to the Asynchronous Case

We extend the proposed distributed rate allocation algorithm
from synchronous, discrete time asynchronous, continuous
time. Each session can have variable round-trip times, and
each source and sink node can make rate allocation decisions
asynchronously. More specifically we make the following
assumptions:

¢ Time is continuous, and each node runs the source/sink
algorithm at each control interval,

o Sessions have varied round-trip delay and information
propagates from sink to source with latency of one-half
RTT,

o Each source or sink performs its local rate allocation
algorithm asynchronously, and we explore various, fixed
control interval;

o The step-size parameters, o and (3, for adjusting rate
remain fixed and are the same for each source and sink;

The major part of the algorithm remains unchanged. How-
ever each node now make its own rate allocation decision
asynchronously based on information which is delayed by
round-trip latencies. We will show through simulations that
the same stability and convergence results still hold in such
asynchronous settings.
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Fig. 1. A single sink, multiple source Topology

V. EMPIRICAL STUDIES: THE SYNCHRONIZED CASE

In this section, we illustrate the stability and convergence
properties of our distributed algorithm, exploring small net-
works and large with a variety of desired rates, traffic patterns,
and dynamic desired rate changes.

For session rate behavior, we plot session rates for particular
flows versus time. However, this visualization quickly becomes
ineffective for large numbers of flows, as the plots become
unreadable. To show the algorithms convergence properties
for large networks, we define a distance metric between the
current rate vector x(t¢) and the max-min fair equilibrium x*
(calculated for example by the global algorithm). Experiment-
ing with various distance metrics, we find one that works well
is the 2-norm distance, defined as:

i) =[St -] .

i=1

Therefore in the equilibrium state, we have D = 0.

A. Single Sink, Multiple Source

We first explore the dynamics of our distributed algorithm
and its transient behavior with a case study of 5 sources and
single sink. As shown in Figure 1, there are 5 sources, each
with a session terminating at a single sink. The five sessions
are assigned rates 0.1, 0.2, 0.3, 0.4 and 0.5, respectively, and
the capacity of each source and sink is 1. We use distributed
algorithm parameters of « = 0.1 and 8 = 0.1. In this case,
the session desired rates and the receiver are the bottlenecks.

For the experiment, all sessions start at ¢ = 0 with initial
rates (0, 0, 0, 0, 0), and different desired rates. The trajectories
of all sessions and the aggregate rate at the sink are depicted in
Figure 2. Within 20 time periods, all sessions have converged
to the equilibrium rates. To explore dynamic adaptation, at
time ¢ = 50, session 1’s desired rate is increased from 0.1 to
1. The distributed algorithm reacts to this change promptly,
and the session rates converge to a new equilibrium rate
allocation within a short period with each session gets the
same rate 0.2. To explore session termination, we terminate
session 5,4, 3,2 at times ¢t = 100, 150, 200, 250, respectively.
Again, the simulation results show that the rates of remaining
sessions are able to adapt quickly to the changes, filling up
the vacated capacity, and converging to a new equilibrium rate
allocation. We list the equilibrium rate allocations in various
time slots in Table I.

Q | — - Session 1
© - Session 2
@ == — Session 3
4 —— Session 4
4 —— Session 5
/’ —e— Aggregate Rate
!
L 4
7 1
g X
ad !
““““ ~ b B
- l
/1250,
/~-Session 1 t=100, t= 150, ' t=200, t=250,
desired rate [« Session 5 l+~Session4 1.~ Session3 =+ Session 2
changed to 1 Terminates Terminates | Terminates Terminates
0 . . ;
0 50 100 150 200 250 300
Time
Fig. 2. Session rate trajectories for each of five sessions in a scenario with

single sink and five sources. The five sessions are assigned rates 0.1, 0.2,
0.3, 0.4 and 0.5. They terminate in different time slots.

TABLE 1
EQUILIBRIUM RATES OF FIVE SESSIONS AND THE RATE AT THE SINK

Time 0-50 51-100 | 101-150 | 151-200 | 201-250 | 251-
Session 1 0.1 0.2 0.267 0.5 0.8 1
Session 2 | 0.2 0.2 0.2 0.2 0.2 0
Session 3 | 0.233 | 0.2 0.267 0.3 0 0
Session 4 | 0.233 | 0.2 0.267 0 0 0
Session 5 | 0.233 | 0.2 0 0 0 0
Sink Rate | 1 1 1 1 1 1

Next, we study the importance of distributed algorithm
parameters « and 3 on convergence. For the same 5-to-1
scenario, we plot the distance D of the current rate vector
from the equilibrium over time, varying « from 0.05 to 0.2,
with fixed 0 = 0.1. (see Figure 3) Our results show that
larger « values can enable more rapid convergence. However
as we discuss in Corollary 1 that a large o may lead to higher
overshoot in some cases. For the same 5-to-1 scenario, we
plot the distance D for various values of 3 (see Figure 4).
Our results show that larger 3 value help speed convergence
when the system is close to the equilibrium point.

— a=0.05 .
—-a=01
- a=015

a=02

Distance

60 70

.
Time 40

Fig. 3. The five-source, single-sink scenario: the 2-norm distance between
current rates and equilibrium rates in the cases of different parameter c.
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current rates and equilibrium rates in the cases of different parameter 3.
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Fig. 5. A topology with three sources and three sinks.

B. Multiple Sink, Multiple Source

We now consider a scenario with three sources and three
sinks. Each source and sink participates in three sessions
with connections and node capacities as shown in Figure 5.
Note that source 2 and sink 1 have lower capacities than
the rest of end nodes. All sessions have the same desired
rate of 1. All sessions start at time ¢ = 0 with different
initial rates (0.02, 0.04, 0.06, 0.08,0.10,0.12,0.14, 0.16, 0.18).
We use distributed algorithm parameters o = 0.1 and 8 = 0.1.
We show the trajectories of each session and the aggregate rate
at each source node in Figure 6.
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— Source 1
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Fig. 6. The three-source, three-sink scenario: the trajectories of each session
and the aggregate rate at three source nodes.
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Fig. 7. The 32-node network scenario: network 2-norm distance for 200 test
cases

We observe from Figure 6 that the rate of each session as
well as the aggregate rate at each source converges to the
equilibrium point within 30 time slots.

C. Larger Networks

While lambda networks are likely to be much smaller
than the internet, the scalability properties of our distributed
rate allocation algorithm are still of interest. We evaluate
the convergence properties of the distributed algorithm over
a range of network sizes with random traffic patterns as
described below. Networks of 32, 128, and 1024 end nodes
are used. Each end node has unit capacity. In each scenario,
half of the nodes are sources and the other half are sinks. Let
each source participate in 4 sessions with randomly picked
sinks. We generate up to 200 test cases for each of the three
scenarios with randomly picked parameters following uniform
distributions:

o Step size a: between 0.05 and 0.25;

« Step size 3: between 0.05 and 0.25;

o Desired rates M;: between 0.1 and 0.5;

o Initial rates x4 (0): between 0 and M.

Figure 7, 8, and 9 show our simulation results, plotting
the 2-norm distance between current rates and the equilibrium
rates over time of the 50 testing cases for the three scenarios
of 32, 128 and 1024 nodes. We see that although the initial
distance varies due to different number of active sessions and
initial state, the distributed algorithm causes the distance to
decrease quickly, reaching the equilibrium in no more than 80
time slots. Thus our results are promising, illustrating that our
distributed algorithm is able to converge in a significant range
of networks and conditions.

VI. EMPIRICAL STUDIES: THE ASYNCHRONOUS CASE

In this section, we study the distributed rate allocation
algorithm in asynchronous scenarios. We consider various
round-trip delay between each source and sink node, and
let each node make rate allocation decisions asynchronously.
We conduct ns2 simulations to prove that the stability and
convergence properties of our distributed algorithm still hold
under such fully distributed settings. In all the experiments,
the node capacity is set as S00Mbps and normalized to 1. The
control interval at each node and the RTT delay between each
source and sink are randomly generated. The ns-2 simulation
results are presented in the following subsections.
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A. A Multipoint-to-Point Case

We let five sessions start at time ¢ = 0,8,16,24 and 32,
respectively. The RTT is generated between 1ms and 100ms
(100ms, 75ms, 50ms, 25ms and 1ms); The control interval of
each node is randomly set between 10ms and 100ms. Figure 10
depicts the rate trajectories of each session. We observe that
after each new session joins, the system converges to a new
equilibrium state, in which all sessions get the same share of
the sink bandwidth.

B. A Four-to-four Case

We now show the rate trajectories and convergence results
when there are four sources and four sinks. We setup one
session between each source and sink nodes, thus there are
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Fig. 10. The trajectories of 5 sessions between five source nodes and one

sink node. The 5 sessions start at various times.
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Fig. 11. The trajectories of 16 sessions in a 4-to-4 case. Top: Step size
3 = 0.2; Bottom: Step size 5 = 0.05.

16 sessions in total. The sources and sinks have the same
capacity, which is 500Mbps, and normalized to 1. The initial
rate of each session is 0. The RTT is randomly generated
with uniform distribution between 1ms and 100ms. The control
interval of each node varies between 10ms and 100ms. Step
size parameters « is equal to 0.1. The trajectories of each
sessions are depicted in Figure 11, with two different values
of parameter 3 = 0.2 and 0.05. We see that the rates of all 16
sessions converge to 0.25, and a smaller parameter 3 leads to
longer time for the system to converge.

C. Larger Networks

Network sizes considered are 32, 128, and 1024 end nodes.
Each end node has the same capacity, which is normalized to
1. In each scenario, half of the nodes are sources and the other
half are sinks. We let each source participate in 4 sessions with
randomly picked sinks. We generate 30 test cases for each of
the three scenarios with randomly picked parameters following
uniform distributions:

o Step size a: between 0.05 and 0.15;

o Step size 3: between 0.05 and 0.15;

e RTT: between 1 ms and 100 ms;

o Control snterval: between 10 ms and 100 ms.

To verify the convergence properties, we still use the 2-
norm distance defined in the previous section. Figure 12, 13
and 14 plot the 2-norm distance between current rates and
the equilibrium rates over time of the 30 testing cases for the
three scenarios of 32, 128 and 1024 nodes. To compare with
the results from the synchronous case, in each figure we also
plot three 2-norm distance trajectories in synchronous cases
by setting each time slot to be 1ms, 50ms, and 100m:s.

From all three figures we see that the distributed algorithm
causes the 2-norm distance to decrease quickly from initial
states, reaching the equilibrium in no more than 6 seconds. The
2-norm distance is also bounded between two synchronous
cases with minimum (1ms) RTT and maximum (100ms) RTT.
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Fig. 13.  The 128-node network case: a comparison between the 2-norm
distances of 30 test cases in the asynchronous case and the 2-norm distance
trajectories in the synchronous case with various time slot size ( 1ms, 50ms
and 100ms)

Figure 12 shows the trajectories of all 64 sessions in the
case with 32 nodes.

In conclusion, the results from ns-2 simulations verify that
the stability and convergence properties of the distributed
algorithm we proposed in the previous section still hold under
asynchronous distributed settings. As the asynchronous dis-
tributed settings we consider share similar scale and round-trip
time variance with to the real lambda-networks, the distributed
rate allocation algorithm is proved to be a promising approach
for such lambda-network environments.

VII. RELATED WORK

Delivering end-to-end high-performance communication in
high bandwidth-delay product networks is a long-standing re-
search challenge in wired, wireless and satellite networks [19],
[40]. The commonly used transport protocol, standard TCP
(TCP Reno) [10], was designed for shared low-bandwidth
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Fig. 14. The 1024-node network case: a comparison between the 2-norm
distances of 30 test cases in the asynchronous case and the 2-norm distance
trajectories in the synchronous case with various time slot size ( 1ms, 50ms
and 100ms)

Time

Fig. 15. The trajectories of 64 sessions in an asynchronous 32-node network
case

networks. As a result the protocol is inefficient in providing
satisfactory performance in high-speed environments. The
protocol reacts adversely to the increases in bandwidth and
delay [30], and spends too long to recover from packet loss
and reach high bandwidth due to the Additive Increase and
Multiplicative Decrease (AIMD) control law [16].

Different approaches have been used to improve standard
TCP and achieve a high performance transmission in fast
long-delay networks. First, several approaches preserve the
TCP control scheme, but improve the implementation of TCP
stack [15], [20], place performance enhancing proxies along
long-delay links [13], or use parallel connections [25]. Sec-
ond, a number of high performance TCP control alternatives
have been proposed to improve TCP performance in shared,
packet-switched networks (e.g. High Speed TCP [21], Scalable
TCP [36], BIC-TCP [49]). Third, a new set of approaches
exclude the loss-based schemes used in TCP, thus exploring



the delay-based (e.g. FAST-TCP [33]), and rate-based (e.g.
NETBLT [17], RBUDP [26], Tsunami [9], and GTP [48] )
data transport protocols.

Rate-based max-min fair bandwidth allocation has been
drawn much research attention [27], [14], [28], [43], [32] in
the context of available bit rate (ABR) service in the ATM
networks. Such schemes allocate the capacities of switches to
active sessions in a max-min fair manner. They usually assume
infinite session demands, or explicit knowledge regarding the
desired rate. Instead our work considers the allocation of
endpoint’s capacity, and we assume each endpoint has no
knowledge about the desired session rate. Our rate allocation
and adaptation scheme discovers each session’s desired rates
continuously.

In contrast to most of the max-min scheme in ATM net-
works which only allocate rates with limited rate adaptation,
XCP [35] lets each router make rate feedback based on
available capacity and queue size. This significantly improves
the performance over flow transitions. XCP does not conduct
rate allocation and adaptation at end nodes. Under XCP,
sessions with finite desired rate may receive an arbitrarily
small fraction of its max-min allocation in in a networked
case with multiple sources and multiple sinks [37].

Multipoint-to-point transmission has been proposed for web
traffic [24] and content delivery network [44]. There are some
research projects sharing the same idea of endpoint based
management across flows. In [11], a receiver-side integrated
congestion management architecture is proposed, which tar-
gets managing traffic across various protocols for real-time
traffic. However detailed rate allocation schemes and fairness
among flows are not considered. Examples of receiver centric
approaches also include [29] for wireless networks. In nearly
all cases, these studies focus on networks that are slow relative
to the nodes attached to them. In contrast we study the problem
of how to allocation the capacity of both sources and sinks
among all sessions in the lambda-networks, which has high-
speed low-loss core. Furthermore both efficiency and fairness
are our objectives for bandwidth sharing.

VIII. SUMMARY AND FUTURE WORK

We considered the problem of efficient and fair sharing
of source and sink capacities among communication sessions
networks with plentiful bandwidth in the core (e.g. lambda-
networks). The key challenge in such systems can be formu-
lated as a distributed rate allocation and adaptation problem in
which the desired session communication rates are unknown.
First, we presented a global algorithm which computed the
max-min optimal rate allocation based on global information,
including desired session rates. We then presented a distributed
algorithm which achieves the same end, but without the
benefit of global information or desired session rates. Proof
that the distributed algorithm converges to the same max-
min rate allocation as the global algorithm ensures that good
allocations will be achieved. The distributed algorithm is also
significantly more flexible because it does not require any
“need” information from the applications, rather discovering
it implicitly. Finally, we evaluated the distributed algorithm

empirically, demonstrating its stability and rapid convergence
in a range of network scenarios in both synchronous and
asynchronous settings.

We have identified the following future work. First, we
plan to formally prove the stability and convergence properties
of distributed algorithm in asynchronous settings, in which
each sessions may have varied control decision intervals and
variable round-trip delays. Second, we plan to integrate the dis-
tributed algorithm into a new version of our Group Transport
Protocol [48], and demonstrate the stability and convergence
properties on various lambda-network testbeds [45]. Third, as
the techniques used in the distributed algorithm may also be
applied to the network with internal bottlenecks, it may be
interesting to see if the stability and convergence properties of
the distributed algorithm we proposed can still hold in such
general network environments.
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APPENDIX
A. Proof of Proposition 1

Before proving Proposition 1 we introduce two definitions:
leximin mapping and leximin ordering.

Definition 5: (Leximin Mapping). The leximin order map-
ping 7 : RN — R is the mapping that sorts vector X in
non-decreasing order. We have that

T(X) = (x(l)v “'vx(n))v

where 1) S 2) < o S Ty

We let 7,,(x) denote the vector of first m elements from
7(x), which is (z(1), ..., T(;n)). We define the leximin reverse
mapping function ¢(-) as

oz ) =1,

where z; corresponds to x(;) after leximin mapping.

In the following, we refer x(;) to the ith element of the
leximin mapping of vector x.

Definition 6: (Leximin Ordering) Given that
(T(1)s s T(n)) and (Y(1y, -, Y(n)) are the leximin mappings
of x and y, we define the lexicographic ordering of x
and y as x > y, if and only if (3 > 0)z(;) > y(;) and
(VO < j < i)x(j) = y(;). We also define x =y, if and only
if x =~y or x =y; and x <" y, if and only if y -~ x.

We let =L denote a relation between two vectors x and
y, such that x =, y if and only if 7,,(x) = 7,(y), and
Lo(xy) = Yo(zwy)> i=1l.n.

It is shown in [41] that if a max-min fair vector exists, then
it is the unique leximin maximal vector. Thus the existence
of a max-min fair vector implies the uniqueness of a leximin
maximum. Now we provide a proof to Proposition 1.

Proof:  (Proposition 1.) As in the global algorithm
(Algorithm 1) at least one undetermined session is assigned
with a rate in each iteration, the total number of iterations
required for Algorithm 1 is then no more than K iterations,
where K is the total number of active sessions. This proves
the correctness of the first statement.

The Proposition 3 in [41] shows that if a max-min fair vector
exists, it is the unique leximin maximal vector. As it is straight
forward that the calculated rate vector x* is feasible, we are
to prove by contradiction that if there is another feasible rate
vector y, and y >’ x*, then y is not feasible.

Suppose there exists m € [1, .., K] , such that y,,) > T
and Tmfl(X*) = Tmfl(y).

We firstly show by induction on p = 1..m — 1 that

* —
Loy, = Yoy,

(1) When p = 1, let ¢ = 1;2‘1)1. As yay = xZ‘l), for all
k =1..K, we have

T = 2(1) < Yg-

Therefore either 2} = y; or 2] < y;.



We consider the case when x] < y;. From global algorithm
we know that xf = min{M,;,b(v)}, where v is the corre-
sponding node that has the smallest b(v) in the ith iteration.

If 27 = M, then y; > M;, which violates the feasibility.
Now we consider f = b(v). The global algorithm implies
that for any j, 0 < j <13, 7 > J:;‘ Then we have

z; = b(v) = CY/IK"].

And as for any j (1 < j < K), y; > zf*, then for the same
node v we have that

>y zya - K> 2, - K =
J,jeR?

which also violates the feasibility condition.

As it is impossible to have z; < y; for a feasible y, we
obtain that ] = y;.

(2) Suppose that 7,(x) = 7,(y), and for all j' € [1,p — 1],
we have

fEZ(ij,)) = Yoy ©)

We show that x;(za)) = Yo(ar,)-

Let i = ¢(2(,)). We show by contradiction that both Case
(2.a) y; < z; and Case (2.b) y; > z; are not possible.

Case (2.a): If y; < m; then y; < y(,). This implies that
there exits ¢ > 0 and q # p, s.t. i = ¢(y(q)). Then we have
q < p. However from Eq. 7 we obtain that Yo(ar,)) Yo, )
are p — 1 unique ones to y(,) and are all less than y;,). As a
consequence there are p elements that are less than y,), which
is impossible according to the definition of lexmin mapping.

Case (2.b): If y; > x;, then from the global algorithm we
know that

xf = min{M;, b(v)},

where v is the corresponding node that has the smallest b(v)
in the ¢th iteration. If 7 = Mj,, then we have y; > M; which
violates the feasibility condition. If =} = b(v), then we have

Y= D >

Jieky GJIEKT y, #0 JJeK” @

=
> (
j,jelC”,xz‘j);éO

><Z

JIEKY ;) #0

Yy + YGi)

0

l/(j))w(j) il = 0,5 € KV}

1y )+ lagy = 0.5 € KPH > €, ()

which also violates the feasibility condition.
By induction from (1) and (2), for p = 1..m — 1, we have

%(%)) - y¢(I?p> )

It can be proved by applying similar arguments as above
that if y(,) > xz‘m) then y is not feasible. This proves the
second statement.

The third statement directly follows from the Proposition 1
in [41] (If a max-min fair vector exists on a set, then it is
unique). |

B. Proof of Proposition 2

Proof: We first to show that if x(t) is feasible, then for
any session k € [1,..K], we have

#5(t+1) > ap(t),and ZL(E+1) > 2(t). (8

Recall that in the distributed algorithm the expected rate
of session k depends on the target rate xy and its current rate
2,(t). And only when x is less than the current session rate
x(t), the expected rate will be set to z, thus smaller than
the current rate:

zp(t+1) = a5 < zi(t).

Eq. 4 implies that this only happens when the remaining capac-
ity is less than the aggregate current rate of all undetermined
sessions. In this case we have

Zl’k(t) > C.

However this also implies that the rate vector x in time slot ¢
is not feasible. Therefore given any feasible rate vector x in
time slot ¢, the expected rates of each session k in time slot
t + 1 satisfies Eq. 8.

Recall that the rate of each session k£ in time slot ¢ is
determined by

2k (t) = min{Z;(t), 23 (t), My}.

We consider the following two separate cases: (1) x(t) = My,
(2) zx(t) < My and x(t) = .fiz(t) or zx(t) = i‘Z(t)
Case (1): xy(t) = My. We can get by Eq. 8 that

2p(t+1) =min{Z; (t+ 1), 25t + 1)} > ap(t).

As it is always true that z(t + 1) < My = x4 (t), it directly
follows that xy(t + 1) = xx(t).

Case (2): xp(t) < My, and zx(t) = &3 (¢) or x4 (t) = T (¢).
This implies that session k is constrained by its source/sink
node but not its desired rate. Let v be the corresponding node
on which z(t) equals to its expected rate in time slot ¢.
This also implies that z(t) = z; = xy. We notice the
following facts from the global algorithm: (a) As session k
is not restricted by its desired rate, the aggregate rate at node
v equals to C; (b) both z} and x(t) equal to the highest
session rate among all sessions at node v. Then from the
calculation of x; (Eq. 4) in the distributed algorithm we can
obtain in time slot ¢ 4 1:

2y = Cv‘_A ZiEK“,aﬁi(t-&-l');éo w(t)
{jl2;(t+1)=0,j € K}
_ Y — ZiEIC",a:i(t)<wk(t) z;(t)
il (t) > a(t),j € KUY
_ cv - ZiGIC'”,a:;@;; @] o
Tl zap ek

Thus we have
i"k(t + ].) = {Ek(t),

and x(t 4+ 1) = x5 (¢).
Combining Cases (1) and (2), we have shown that the rate
vector calculated by the global algorithm is an equilibrium



point for the distributed algorithm. By Proposition 1, the
equilibrium point is max-min fair and unique.
|

C. Proof of Proposition 3

The proof of Proposition 3 uses the notion of leximin
ordering as defined in Appendix A. We show that the rate
vector x converges to x* in lexinmin order, meaning that (1)
among unconverged sessions the one with smallest equilibrium
rate will converge next, and (2) once a set of sessions with
smallest equilibrium rates converge, they will retain such rates
afterwards. Intuitively this is due to the fact that the distributed
algorithm gives higher priority to consider the sessions with
small rates.

Before proving Proposition 3, we state several preliminary
lemmas, and give an outline the proof for each of them.

Lemma 1: Let x* be the result of the global algorithm. Let
x(t) be the rate vector of the distributed algorithm in time slot
t. If there exists t; > 0 and there exists n € [1..K], s.t.

x(t) =£ x*, )
then for any ¢’ > #;, it holds that

x(t') =L x*. (10)
Proof: Given Eq. 9, we are to prove the lemma by
showing that the following two statements are always true.
If Eq. 9 is true for time slot ¢, then in time slot t + 1 we
have that
(a) For any j € [1..n], let i = ¢(x(;)). Then it holds that

zi(t +1) = z(1);
and (b) For any j € [n+ 1..K], it is true that
() (t+1) = () (8)-

We prove (a) by induction on j = 1..n.
(1) When j = 1, let i = ¢(x(1)). Then we have

xz(t) = JZ: = Z(1)-

We consider two cases: (la): z;(t) = M; and (I1b): x(t) <
My, and z(t) = &7(t) or 2k (t) = &},(¢). Similar arguments
as used in the proof of Proposition 2 can be applied, and it
can be proved that

zi(t+ 1) = z;(t) =« (t).

(2) Suppose (a) is true for 1..5 — 1 (5 > 0). We need to
show that the same is true for j, i.e. if i = ¢(x(;)) then we
have

Notice the fact that the calculation of 27 (¢ + 1) and & (¢ + 1)
only depends on the source/sink capacity of session ¢ and
sessions with lower rate than z;(t) at the same source or
sink node. This is also true when calculating x; in the global
algorithm. Notice the similarity between b(v) and z; when
x(t) EJILI x*, and by Eq. 5 and 2 it can be proved that

zi(t+1) =ax;(t) = x}.

Now we show the correctness of (b). Suppose that there
exists j € [n+ 1, K], and let i = ¢(z(;)), s.t.

zi(t+1) <2 (t) = 20y (11)

As by the definition of leximin ordering, x;(t) > x(,)(t), we
then have

i (t+1) <z (¢). (12)

As stated before, Eq. 12 is only valid when z;(t) > z > where
xy is the target rate at the source or sink of session ¢ when
calculating its expected rate. However from the fact that

x(t) =F

*
=X,

we have

o C— Zk,kenv,i;;ﬁo wk(1)
T kg = 0,k € KV
Therefore z;(t + 1) > a7

n)’

v n—1
Cv =iy 0
K-n+1

> .’L’an).

which contradicts with Eq. 11.
|

Lemma 1 implies that if a subset of rates which are the
lowest ones of x converges to the subset of lowest rates of
x*, then these rates will stay unchanged afterward. The next
lemma is to show that any rate vector that is lexicographically
less than x* will monotonically increase in the leximin order
in the next time slot.

Lemma 2: Let x* be the result of the global algorithm. Let
x(t) be the rate vector of the distributed algorithm in time slot
t. If

x(t) <F x*,

then in time slot ¢ + 1 we have that

x(t) <L x(t +1).

Proof: As x(t) <¥ x*, by definition there exists n €
(0,K), st. x(t) =5, x* and (1) z(,)(t) < T(,y or (2)
Ty (t) = xz‘n), and 7z, ) < xj(m(n)).

For case (1), by applying Lemma 1 we obtain that in time
slot ¢t +1,

x(t+1) =L x*.

Then it is sufficient to show that in time slot ¢ + 1,

Z(n) (t + 1) > L) (t) (13)
and for any [ € (n+ 1, K]
x(l)(t +1)> Z(n) (t). (14)

Let @ = ¢(x(,,)(t)). As is shown in the proof of Lemma 2
that only when the remaining capacity over the number of
undetermined sessions (z ) is less than the current minimum
rate among undetermined sessions, we have & (t+1) < x(t).
However as

zi(t) = 2 (1) < @) < 27 < 5,

then we have that Eq. 13 holds.
For any [ € (n + 1, K], similarly as in case (1), when
) (t) > x;(n), we have

x(l)(t +1) > .73;(") > x(n)(t);



and when z(;)(t) <7 . we have

l‘(l)(t + 1) > x(l)(t) > Z(n) (t)

Therefore Eq. 14 is valid.
Case (2) can be proved by using similar arguments as in
the proof of case (1). |

Lemma 3: Let x* be the result of the global algorithm. Let
x(t) be the rate vector of the distributed algorithm in time
slot ¢. If in time slot 1, x(t;) =L x*, where 0 < n < K and
T(ng1)(t1) # :c’(*7l+1), then there exits to > t1, s.t. in any time
slot t > t5 we have that

x(t) =5, x* (15)
Proof: Given that in time slot 1, x(t;) =L x*, we
consider the following two situations: (1) x(t1) =% x*, and
Q) x(t1) <* x*.
Case (1): The relations x(t;) =L x* and x(t;) =% x*
imply that for any j € [n + 1, K], it holds that

x(j)(t1) > mzn).

Therefore it can be easily proved that for any j € [n+ 1, K],
let i = ¢(x(;)), then we have

zi(t+1) = 2.

We can also show by using similar technique as in the proof
of Lemma 1 that when i’ = ¢(z(,,41)), then we have

rp(t+1)=a5 .

Together with the fact that x(t; + 1) =£ x* (by Lemma 1),
we have

T(n+1) (tl + 1) = x?n-‘,—l)a

and Eq. 15 is valid.
Case (2): By applying Lemma 2 we obtain that

X(tl) %L X(tl + 1)

Also from the fact x(t; +1) =L x* and the smallest increment
in the distributed algorithm is «- 3-C" /|K?|. Therefore within
finite time slots, i.e. there exits time t5 > 0, in time slot o
there is no unconverged session with rate lower than mz‘n +1)
We then have that

x(to) =1 x*.

This becomes the same case as case (1).

To conclude, in both cases (1) and (2), Eq. 15 becomes valid
within finite steps. Lemma 1 ensures that Eq. 15 is always
valid afterwards. u

Lemma 3 shows that if the smallest n € [0,.., K — 1]
elements in the rate vector converges, then the (n + 1)th
element will converge to its corresponding equilibrium rate
within finite time slots. Based on these lemmas we now outline
the proof for Proposition 3.

Proof: Proposition 3 can be proved by applying lemma 3
through induction on n from 0 to K-1, i.e. we show the
following:

(1) It holds that there exits 1 > 0 and for any ¢t > ¢
we have that x(¢) =F x*. This can be directly obtained from
Lemma 3 by setting n = 0.

(2) Suppose there exits t,,—1 > 0 and for any ¢t > ¢,,_1 we
have that x(¢t) =L_, x*. Then there exits ¢,, > t,_; and for
any t > t,, we have that x(t) =% x*. This is true by applying
Lemma 3 and Lemma 1.

Combining (1) and (2), we conclude that there exits tx > 0
and in any time slot ¢ > tx we have that

x(t) =k x*.

This proves the proposition. |



