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Abstract—We consider a price-based rate control scheme analysis by Ganesht al. assumes a specific class of users’
that has been proposed by Kellyet al.. However, rather than  ytility and price functions, and requires a certain degree o

assuming that users adapt their transmission rates by mandate, .o rdination among users (we will comment on this in more
we study the situation where users choose transmission rates o .
detail in Section 1I-C).

to maximize their net benefit at each time step. Extending a - . . .
result obtained by Ganeshet al., we show that in the single link The contributions of this paper are the following. First, we
case the system again converges to the equilibrium bandwidth extend the results by Ganeehal. and show that only some

allocation of Kelly et al.. This result suggests that price-based mild assumptions are needed to establish that the pricing
rate control scheme proposed by Kellyet al. is also effective  gcheme proposed by Kelly [4] converges to a socially optimal
when users behave in a selfish manner. . .
rate allocation even when users behave selfishly. Secoad, th
. INTRODUCTION proof technique is of independent interest as it can be used

Ani tant problem i ket-based ; ; for other allocation schemes. Currently, we are applyirgy th
N important probiem In packet-based computer ne Workl%chnique to a price-based rate control scheme for cellular

is rate control i.e. the regulation of the data transmission . |ass networks and a price-based priority scheme for
rates of individual users. The two main objectives of rat%vired networks

control are: The rest of the paper is organized as follows. In Section II,
(@) Congestion Control:The aggregated traffic load onwe present the link and user models, and introduce the user
each link in the network should not exceed the linkadaptation problem. In Section IIl, we present a numerical
capacity. case study to illustrate our results. In Section IV, we pdevi
(b) Fairness:The available network bandwidth should bethe proof of the main resuilt.
shared fairly among users.

. Il. PROBLEM FORMULATION
In recent years, price-based rate control schemes have re—Consider a discrete-time model of a sinale link. where
ceived much attention [3], [5], [6], [7], [8]. Under these 9 '

. . time is divided into slots of equal length. The link has a
schemes, the network charges users a price per unit transmjis

sion rate that depends on the current traffic load at indalidu Ii(etd _’:_rﬁnsm.|35|onbce;fpa9|ty of gnétstof dati t:afflchpehr tme ¢
links. Users then adapt their transmission rates to balan?eo' 't?r?j IS ho bu et_rlng ﬁnt a: pac ZSAW ic 5}:: tno
the gain they obtain from accessing the network, which igansmitted In a given time Sot are dropped. Assume Ma
characterized by a utility function, and the cost they havgsers.shgre_the link and lef(t) be the amount of datg user
to pay to the network. Price-based rate control schemggbm'ts N tlm(_a SM' We refer toz;(t) as thetransmission
have the attractive feature that they can be implementr e of'us.erz |n.t|m'e slot £. L?t x(t) be the aggregated
in a distributed fashion. Furthermore, they can be used grnsmission ratdn time slott given by

achieve several bandwidth sharing (fairness) criteridn a1 N

proportional fair, max-min fair, and socially optimal allo a(t) = in(t)' @)
cations. Much of the work on price-based rate control has =t

been motivated by Kellyet al. who proposed in [3], [4] a The link provider charges users a prigg) per unit amount
particularly elegant price-based rate allocation mecmani ©f traffic submitted in time slot given by

Kelly et al. show that this mechanism converges (under p(t) = ¢ (z(t)), 2)
suitable assumptions) to a socially optimal rate allocefd].
To establish their convergence result, Kedlyal. assume that L
users voluntarily adopt a mandated rate adaptation afgorit depends on the a_ggregated transmissionarette We assume
similar to the TCP congestion control algorithm. Ganesh that the.prlcw(t) Is set and announced to 6.1" the users ,at the
al. study in [1], [2] the pricing scheme proposed by Kelly [4]end of time slott. We also make the following assumption.
for users motivated by self-interests rather than by mandat Assumption 1:The price functiong(z) : Ry — Ry is

For the single link case, Ganeshal. show that the system strictly increasing. Furthermore, there exists a constgnt-

converges to the same rate allocation as in [4]. However, tilesuch thatj¢(z) — ¢(y)| < Lg|z — y|, Vo, y € Ry.

where¢(z) : Ry — R, is a predefined price function which



Typically, the price functiong(-) increases sharply as theas this rate maximizes the net bené&fi(x;(t)) — x;(¢)p(t).
aggregated transmission rat@pproacheg’, thus preventing Unfortunately, this is not possible as priggt) is set and
that the aggregated rat€t) exceeds the capacity. announced to all users at the end of time glot

The Lipschitz constanL, ensures that the derivative of Alternatively, useri could form an estimate of the price
the price functiony(-) is bounded. This technical assumptionp(t) and use this estimate to determine the transmission rate

is needed to establish our convergence result. for time slot t. Here, we consider the following iterative
L procedure for usei to obtain an estimatg;(¢) of the price
A. User Optimization Problem in time slott,
We associate with each usei = 1, ..., N, a utility U; (x; R . .
which depends on the transr;s?leission}ﬁ;c?@f user;. V)\//e rr(1ak)e pi(t) = pi(t — 1) + ailp(t — 1) — pi(t — 1)), ()
the following assumption. where p;(t) is the price estimate of usérfor time slott,
Assumption 2:The utility function U; : R, — R, of @ >0 is a_small step size_ parameter, apd — 1) is_thg
useri, i = 1,..,N, is increasing, strictly concave and Price of the time slot—1 (which is available at the beginning

differentiable. Furthermore, there exists, > 0 such that  ©f time slot?). _ o
Using estimatep;(t), useri sets its transmission rate for

U~ (p) — U, M@ < Lplp—dl,  Yp.g € Ry, time slot¢ equal to
wherelU; ! : [0, U}(0)] — R is the inverse of the derivative i(t) = Di(pi(t)) = arg max{Uy(2) — 2pi(1)}-
of U;. -

L _ _ . Our goal is to analyze this adaptation model. In particular,
We note that utility functions with these characteristics a \ye wish to determine whether (a) the transmission ate)
commonly used in the pricing literature (see for exampl [3] of yseri converges to an equilibrium rate’, (b) the price
Assumption 2 does not require all users have the same utiliggtimates of all users converge to a common estimpate

known to useri, and unknown to all other users and thesquilibrium. We have the following result.

link provider.

Assumption 2 implies that usércan achieve a high utility
by choosing a high transmission rate However, doing so
will increase the total cost that usérhas to pay to the
link provider. Accordingly, we assume that usechooses
its transmission rate; such that

Proposition 1: Under Assumption 1 and 2 the following
holds. If for all users =1, ..., N, we have that

0 ;<mndl, —— &
<ai< { MDN}

then the users’ price estimatgs converge to the common
x; = arg m>a(>)<{Ui(y) —yp}, p >0, (3) pricep*, i.e.
y=
. . . . . lim p;(t) = p*, i=1,...,N,
where p is the price that link provider charges per unit oo (&) =p ‘
transmission rate. LeD;(p) be the solution to the above wherep* is a unique price such that
optimization problem (which exists by Assumption 2) given

N

by . D (p*
Dy = { U p € 0.U1(0) @ v (Z v )>

i 0 otherwise .

’ Furthermore, the transmission rate of ugeconverges to
The functionD; can be interpreted as the demand functioD; (p*), i.e. lim;—,o z;(t) = D;(p*), i = 1,..., N.
of users, i.e. D;(p) is the amount of traffic usei would
submit per time slot when the price per unit traffic is equa

to p. Then the following lemma holds.

e provide a proof of Proposition 1 in Section IV.

As pointed in [1], [2], [3], Proposition 1 implies that the

above price-based allocation scheme approximates a lgocial
Lemma 1:Under Assumption 2, there exists a constanoptimal rate allocation. For a more detailed discussion of

L > 0 such thatD;(p) — D;(q)| < Llp — ql, Vp,q € Ry. the connection between the above price-based mechanism

and concepts of economic theory, we refer to the excellent

The .above lemma follows from Assumption 2. We omit aexposition by Ganesht al. in [1], [2].
detailed proof.

C. Related work

Ganeshet al. prove Proposition 1 for the special case

If user i knew in advance the pricg(t) charged during \yhere the users’ utility functions are of the form
time slot¢, then user would choose transmission rate

B. User Adaptation

B8 _
Ul(.%‘) :kix B 1,




wherek; and3, 0 < § < 1, are a positive constants; and the o
price functiong(x) is of the form
r\k 8
r)=\|=] ,
o) = (%) N
where K andk are positive constants. In addition, Ganesh &
al. require that all users start with the same initial estimate 4t
p(0), i.e.
p:(0) = p(0), t1=1,..., N, 2r
and that all users employ the same step size parameter % 02 o4 06 o8 1
when updating their price estimatgg(t), i.e. a; = o, i = Aggregrate Transmission Rate

1,..., N. Under these assumption, the users’ price estimates

are identical for each time slot Note that these assumptionsFig. 1. Price functionp(z) which depends on the aggregated transmission

are restrictives; in particular the assumption that theepri €< -

estimates of individual users are synchronized is notstali o
In this paper, we extend the results by Ganestal. by i

allowing users to have different initial price estimag§0)

and various step size parameters. In addition, we consider

more general class of utility and price functions as charac-

terized by Assumption 1 and Assumption 2 respectively.

o
=}
=)

Price Estimate
Transmission Rate

IIl. NUMERICAL CASE STUDY

Before we provide a proof of Proposition 1, we illustrate in ~° 1% fime sior”” Sime siot 2
this section the convergence result of Proposition 1 thoug i
9
a case study. 25

Price

We consider the situation where in total 100 users access
single link with capacity equal to 1. User demand functions s ’

]
o

Aggregate Rate

are given by 6
5| 1]
Dz(p(t)) = ki ' e_bllp(t% 1= 17 Na (6) 4 05

300

100 200 100 200
Time Slot Time Slot

where k;, and b;, are positive constants chosen at random

according to a uniform distribution 01f0.05,0.25], and o L _ _
ivelv. The step size parameters i — Flg. 2. Trajectories of the users’ price _estlmgfg(;t) (top left) and_llnk

[0.5,0.55], respectively. T P p i1 = pricep(t) (bottom left), as well as the trajectories of the transmissites

1,..., N, and the initial price estimates (0), are chosen at x;(t) (top right) and the aggregated transmission re& (bottom right).

random according to a uniform distribution ¢®01,0.11],

and[2, 5], respectively. The price functiop(z) (see Figure 1

for an illustration) is given by A. Preliminary Lemmas
_ min{10,0.8-(1—2)"°% 0.8}, if 2<10, 5 Recall that the transmission rate of usen time slott is
dj(m) - 10, otherwise., ( ) given by
Figure 2 shows that the price estimates of individual users i(t) = D; (ﬁi(t))v

and price p(t) converge to the equilibrium pripg = 5.4,
and the transmission raig(t) of useri converges td;(p*).
Figure 2 also illustrates that the convergence rate depamds N .
the users’ step size parameters. To highlight this, Figure 3 p(t) = ¢ (Z Di(pi(t”) : (8)
shows the trajectories of the transmission rates of twosuser =1

which have the same demand function, but the step sizet the functiond(-) : Rﬂ\r’ — R, be given by

parameter of one user is equal to 0.015, whereas the step

and we can rewrite (2) as

size parameter of the other user is equal to 0.1. We note that R N R
the transmission rate of the user with the larger step size e(p(t) = ¢ ZDi(pi(t)) '
converges faster, i=1
IV. CONVERGENCEANALYSIS where p(t) = (p1(t),....pn(t)) € RY is the vector with

. . . - the price estimates of the individual users. We then have the
In this section, we provide a proof of Proposition 1. Wefollowing lemma

start out by deriving two preliminary lemmas.



o
o
]
al

— Step Size=0.015
- - - Step Size=0.1

Lemma 2 implies thaté(p) is continuous and strictly
decreasing of0, pmay|. Furthermore®(p) is equal to 0 for
all p > pmax.- Combining these results, we obtain that there
exists a unique* such thatp* = ®((p*, ...,p*)), andp™ is
positive. ]

o
Q
)

0.015}

Transmission Rate
o
o
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B. Proof of Proposition 1
Let Prin(t) @andp,q.(t) be given by

0.005f:

% 50 100 150 200 250 300 Drmin(t) = minp;(t),
Time Slot ?
and
Fig. 3. Trajectories of the sending rates of two users withs@ane demand Drnaz (t) = max ;ﬁz(t)
(]

function, but different step size parameters.
Furthermore, letP,,;,,(t) and P,,..(t) be given by

Lemma 2:Under Assumption 1 and 2, the functidr(p) Prin(t) = min{pmin(t), p(t)}
has the following properties. and
(@) The function®(p) is continuous and strictly decreasing

in p; on [0,U.~(0)], for all i € {1,..., N'}. Prmaz (t) = max{pmaz (1), p(t) }-

(b) We have To prove Proposition 1, it suffices to show that
N .
‘(I)(p) - (I)(q)| S L¢,LD Z |pZ — qil7 P,q € Rf’ t1i>n’olo (Pmaa:(t) szn(t)) =0. (10)
=1 Indeed, by combining the above equation with Lemma 2 and
where L4 and Lp are the constants from AssumptionLemma 3 we obtain that
1 and 2.
lim p(t) = p*
Proof: (a) As functionsp(z) and D(p) are continuous, t—oo
function ®(p) is continuous. Assumption 2 implies that theand
demand functionD;, i = 1,..., N, is strictly decreasing on tlirgoﬁi(t) =p*, i=1,...,N,

[O,Ui’_l(o)] and, by Assumption 1, the functiop(x) is

strictly increasing. Combining these facts, we obtain fobat Wherep* is the unique price such that = & ((p*, ...,p*)).
every useri = 1,..., N, function ®(p) is continuous, and Proposition 1 then follows. The next lemma establishes

strictly decreasing in; on [0, U, *(0)]. Eq. (10).
(b) Given two vectorp, q € RY, we have Lemma 4:Under Assumption 1 and 2, if
N N
5(p) = ®(a)] < |6(S, Dilp)) = oS, Difa) 0 < a; < min {17 I L1 N_} . i=1,..,N,
< Ly |30y Dilps) — Yivy Di(ai) oD

N then there exists a constaff v < 1, such that for every
:L¢ Zi:l (Dl(pl) _Dl(q’b))‘ tz O, we have

< LysL ]\i i — Qi -
< LsLp )., Ipi — il . Praz(t+1) — Prin(t+1) <v(Pmam(t) —Pmm(t)>.

The next lemma implies that there exists a unique equilib-

flum pricep-. Proof: To prove the above lemma, we distinguish two
Lemma 3:Under Assumption 1 and 2, there exists aseparate cases. First, we consider the case where all users
unique pricep* > 0 such that either under-estimate or over-estimate, pfice, i.e. we have
p* =2, p")). ©) P() > Pmax(t)  OF  p(t) < Pmin(t).
Furthermorep* is positive. Second, we consider the situation where some users underes-
Proof: Let function®(p), p € R, be given by timate and some users over-estimate pfi¢g, i.e. we have
d(p) = ((p, ..., p)). Prmin(t) < p(t) < Pmaa ().
In addition, let CASE 1: Suppose that at time slotwe have

Prmax = max {U1(0), ..., Uy (0)}. P(t) > Prmac(t).



This implies that
p(t) —pi(t) >0,
and we obtain
pi(t +1) = pi(t) + s (p(t) — pi(t)) > ps(t).
Since for every usef = 1, ..., N the step size parametes

i=1,.. N,

that there exists a constamt, v/ < 1, such that
Pmaz(t + 1) - szn(t + 1) S ’Y/ (Pmam(t) - szn(t))

Similarly, one can show that if

0<ai<min{1 i=1,...,N,

1
’L¢LDN}’

is strictly less than 1, we obtain from the above equation thand

pi(t+1) < p(t). (11)

Combining this result with Lemma 2, which states tha
®((p1, ..., pn)) is non-increasing ip;, i = 1,...N, we obtain

that
p(t+1) < p(t). 12)
Furthermore, by Lemma 2 we have

Ip(t +1) — p(t)]
< |$(ON, Di(pilt +1))) — (XN, Dipi(t)))
= LoLp Y0, lai(p(t) — pi(2)))]
< LyLpamas Ziil Ip(t) — pi(t)]
< L¢>LDNamaw|p(t) - ﬁmin (t)|7
(13)
where

Qmar = Max {al, ey aN}.
Combining (11) and (12), we obtain that
Praz(t +1) < p(t).
Furthermore, if
p(t+1) < Prmin(t + 1),

then we obtain from (13) and Lemma 2 that

Praz(t+1) = Pnin(t+1) _ p(t) —p(t+1)
Praz (t) — Pnin (t) p(t) - ﬁm,in (t)

< L([)LDN(XWL(I.’E'

then we have

p(t) —pi(t+1)

1) = [pilt) + s(p(t) — s(1))]

< () = [Brmin(£) + Qi (p(8) = Prin (1))]
= (1 - ami7L) (p(t) - ﬁmzn(t))v

and

Pmar(t + 1) - P7n'in(t + 1) < p(t) - ﬁnm'n(t + 1)
Praz(t) — Prmin(t) T p(t) = Pmin(t)

Combining the above results, we obtain that for

<1-—amin-

0<ai<min{1 i=1,...,N,

1
’ L¢LDN} ’
and
p(t) Z ﬁmaac (t)a

Ehen there exists a positive constarit, v < 1, such that
Pmaw(t + 1) - szn(t + 1) S 7” (Pmaw(t) - szn(t)) .

Let
71 = max {7',7"}.

Note thaty, is strictly less than 1.
CASE(2): Suppose that

ﬁmin(t) < p(t) < Pmaz (t)

For this case, we consider the following three sub-cases.
First, if

Pmin(t +1) <p(t +1) < Pmax(t +1),
then we obtain that
P (¢ 1) < Bonaa (t) + @i (p(8) = Prnaa (1))
and
Proin(8) = Prain (8) + i (D) = Brnin (1) ).
Combining the above results, we obtain that
Praa(t +1) = Prain(t +1)

P’rnaa: (t) - P’rnin (t)

ﬁmaa: (t) + Qmin (P(t) - ﬁmam (t))
<
- ﬁmaw (t) - ﬁmzn(ﬂ

ﬁmin(t) + Qmin (p(t) — Dmin (ﬂ)

B ﬁmam (t) - ﬁmzn (t)
o PV ﬁmam (t) - ﬁmzn (t)
B (1 mln)ﬁmax (t) - ﬁmm (t)
=1~ Qmin -

Next, if
p(t+1) = prmaz(t +1),

then we have
p(t+1) > p().
Let the setsV, and N_ be given as follows,
Ny ={i:pi(t) = p(t)}

and
N_ = {i: pi(t) < p(t)}.



Note that this implies that
pi(t+1) —pi(t) 20, i€ Ny,

and

pi(t+1) —pi(t) <0, ie N_.

Therefore, we have

p(t+1) —p(t)

N
=9 (Z D;(pi(t + 1))) -9 (Z Dz‘(ﬁi(t)))

i=1

and

< Ly

Z (Di(ﬁi(f +1)) — Di(ﬁi(t)) Let

S
Il
N

[1]

2]

where we used the fact that for every uset 1,..., N, the
demand functiorD; is non-increasing. Recall th&t,, .. (t +

3
1) = p(t + 1). Combining the above results, we obtain that Bl

Prae(t +1) = Pin(t +1)
< |p(t +1) —p(t)| + |p(t) — Prin(t + 1)|
< LyLpNamaz [p(t) = Pmaz(t)] + ...
+(1 = min) | p(t) — Pmm(t)}.

This implies that for

. 1
O<ao;<mnql, ——», ,=1,...,N,
“ { quLDN} '

andp(t+1) > Pmas(t+1), there exists a constant, 4/ < 1,
such that

[4]

[5]
[6]

[7]
Praa(t +1) = Prin(t + 1)
<7 (| = e (O] + [p(t) = Prin(®)])-
Note that when
Pmin(t) < p(t) < Prmaa(t),

then we have

Pana(8) = Pavin(t) = (Bmas(6) = (1)) + (p(6) = Prain(1)).

Combining the two equations above, we obtain that
Pmaz(t + 1) - szn(t + 1) < ’Y/ (Pmam(t) - szn(t))

Similarly, one can show that for

i=1,.. N,

0 ; <mingl, ———
<ai< {,LﬁmN},

there exists a constant’, v/ < 1, such that

Pras(t +1) — Prn(t +1) < 4" (me(t) - Pmm(t)).

Y2 = max {1 — tmin, 7, 7" }-

Combining the results that we obtained for Case 1 and
Case 2, the lemma follows for

v = max {71,72}
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